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Abstract. We show that the equality m\(f(x)) = m,2(g(x)) for 1 in a neigh- 
borhood of a point a remains valid for all x provided that / and g are open 
holomorphic maps, /(a) = g(a) = and mi, m% are Minkowski functionals 
of bounded balanced domains. Moreover, a polynomial relation between / 
and g is obtained. Next we generalize these results to bounded quasi-balanced 
domains. 

Moreover, the main results of [Ber-Pat] and [Bou] are significantly extended 
and their proofs are essentially simplified. 

1. Introduction and statement of result 
Consider the following natural problem: 

Let V, U be neighborhoods of 0, V C U. Let f,g:U — > C k be open mappings 
such that /(0) = ff(0) = and = ||ff(x)|| on V. Does it follow that \\f(x)\\ = 

||s(a?)|| for all x € Ul Is it possible to establish any relation between / and gl 
For example, if /, g are biholomorphic then, by the theorem of Cartan, / = Lg for 
some linear L. 

The main goal of the paper is to give an affirmative answer to these questions 
in more general settings (e.g. instead of norms we consider quasi-Minkowski func- 
tionals of bounded quasi-circular domains) . 

As a by-product of our considerations we obtain a significant generalization of 
the main theorem of [Ber-Pat]. It seems to be interesting that we prove much 
stronger results without using advanced tools like the theorem of Fornaess and 
Sibony (see [For- Sib]) which was of the key importance in the paper of Berteloot and 
Patrizio, and what follows we do not use currents at all - this allows us to deal with 
non-plurisubharmonic Minkowski functionals (see Remark 2.1). Our proof is quite 
elementary - the key point relies upon the investigation of the Shilov boundaries of 
bounded balanced domains. 

Finally, applying our results we show how to extend easily the central result of 
[Bou]. 

Our main result is the following: 

Theorem 1.1. Let mi and mi be Minkowski functionals of bounded balanced do- 
mains in C m and let U be a domain in C ' , k > m. Let f,g:U — > C m be holomorphic 
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mappings such that f(a) = g(a) = and f and g are open in a neighborhood of a 
for some a G U. Let gel. Assume additionally that mi{f{x)) = (m2(g(x))) q for 
x in some neighborhood V C U of a. 

Then q is a positive rational number and: 

1) mi o f{x) = (m 2 o g(x)) q for all x G U, 

2) / and g are related in the following sense: there is a p G N and there are 
homogenous polynomials £fc of degree kq, k = l,...,p, (if kq N, then 

= 0) such that 

(1) f(xr + f(xr- 1 t 1 (g(x)) + ... + t p (g(x))=0, xeU. 

Let us explain the notation in the above theorem. First of all recall that a map- 
ping / is said to be open in a neighborhood of a if there is a neighborhood of 
a such that the restriction of / to this neighborhood is open. For z,w G C™ put 
z -w — (ziwi, . . . , z n w n ); z k , k G Z, is understood analogously (i.e. z k := z ■ . . . ■ z, 
z = (z 1 , . . . , z n 1 )). 

Moreover, the unit disc in the complex plane is denoted by D and <9 s f2 stands 
for the Shilov boundary of a bounded domain f2 in C". 

2. Proof of the main theorem, remarks and examples 

Proof of Theorem 1.1. Losing no generality we may assume that a = and m > 2. 
Moreover, it is clear that q e Q>o- Take p\,p2 € N such that q = 

Step 1 ' First we focus our attention on the case when k — m. It follows from the 
Remmert's theorem (see [Rem]) that is an isolated point of g _1 (0) and / _1 (0). 
Therefore, shrinking V if necessary we may assume that /|y is proper onto image. 
Moreover, there is a domain V' such that € V C V, g\v is also proper onto 
image and fif _1 (0) f~l V = {0}. Put V = g({x G V : dot g'(x) = 0}) and fix 5 > 
such that f2 2 = {x G C m : m 2 (x) < 5} and Q x = {x G C m : mi (a;) < 5 q } are 
relatively compact in g(V) and f(V), respectively. Since V n 5 _1 (0) = {0}, one 
can see that g~ 1 (Q2) is a domain. 

Take xo G 9 S ^2 \ V and let Gj, j — l,...,p, be local inverses to g\y defined 
in a neighborhood of Xq, i.e. g^ 1 — {Gi, . . . , G p }. It follows from the invariance of 
the Shilov boundary under proper holomorphic mappings (see [Kos], Theorem 3) 
that there is an index i (fixed from now on) such that Gi(xo) G d s g~ 1 (Q2)- Put 
yo ■= f(Gi(xo))- Since g^ 1 {^l 2 ) = / -1 (fii) we may apply the argument from [Kos] 
again to state that yo € c? s f2i . 

We aim at showing that the map 

f oGi(tx ) 

X I 7 

ti 

(defined in a neighborhood of 1) is constant. Put tp x (t) := f° G *{ tx ) ; t G D(l,r) := 
{A G C : |A — 1| < r}, where r is sufficiently small. 

Assume the contrary, i.e. ip Xo is non-constant. Then there is < r' < r such 
that yo ^ ip Xo (dH)(l,r')). Using the uniform convergence argument one can easily 
see that there is an e > and there is a neighborhood U(x ) C g(V) \ V of x such 
that ip x is well defined in a neighborhood of D(l,r') (decrease r' if necessary) and 
dist(yo,ipx{dH(l,r'))) > e whenever x G U(xo)- 

Let V(xo) be an open neighborhood of the point xo such that V(xo) C U(xo) 
and dist(y ,V(yo)) < f, where y(y ) = f(G l (V(x ))). 
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Since yo lies in the Shilov boundary of fii, there is an F S O(0,\) n C(fii) such 
that max{|F(a;)| : x e V(y )nrij"} > max{|F(x)| : x e n7\U(y )} (otherwise the 
Shilov boundary of fii would be contained in Oi \ V(yo))- Choose y € V(yo)nf2i at 
which the maximum on the left side is attained and note that taking y' <E fi,if~\V(yo) 
sufficiently close to y we get the following inequality: 

(2) \F(y')\ > max{|F(i,)| : x eTh\V(yo)}. 

Let x' e V(xo) be such that y' = f(Gi(x')). 

First, observe that m\{y') — mi(f(Gi(x'))) — m2{g{Gi(x'))) q — m 2 (x') q , so 
x' e 2 . Note also that mi(Vv(i)) = m 2 (x') q , hence ^> X /(D(1, r')) cOi. Moreover, 
WW = y' and W(5D(1, r')) n V(y ) = 0. 

But a function i* 1 o ip x , attains its maximum on <9B(l,r'). This contradicts (2). 

Step 1" It is clear that V C {x e g(V) : &(x) = 0} for some holomorphic 
function $ on g(V), <& ^ (the function $ may be given explicitly - for example 
one may take <j>(x) = IIj=i detg'(Gj(a;)) where Gj are local inverses to g). 

Define *(t,x,y) := Y\^{!{G t (x)) -t^ JiH^y))), x,y e g(V), t e D, where G 2 , 
iij are local inverses to G defined in a neighborhood of x and y, respectively. Put 
V(t,x) := ^(t,t P2 x,x), x e ff(V'), t G D. It follows easily from Step 1' that for 
every x € 9 s £l2 \ V the mapping *(-,a;) vanishes in a neighborhood of 1. Hence 
^(t, x) = for any teD and ir € <9 S ^2 \ V. Therefore, for a fixed t e D the mapping 
<f> • \I>(i, •) vanishes on <9 s f22, so by the properties of the Shilov boundary <f> • * = 0. 
Whence * = 0. 

Fix x' £ fl 2 \ V, I G {l,...,m} and observe that there is an i such that 
fi(Gi(t P2 xj) — t Pl fi(Gi(x)) for t in a neighborhood of 1 and i in a neighborhood 
of x' . We aim at showing that 

(3) fi{Gj{t P2 x')) = t Pl fi{Gj{x')) for j = l,...,p, and t sufficiently close to 1. 

To prove it put y% = Gi(x') and yj = Gj(x'). Note that y% and yj may be joined 
by a path 7 : [0, 1] -> g _1 (fii) \ where W = £ _1 (V). Put r = g o 7. A standard 
compactness argument allows us to find a partition of the interval = to < t\ < 
. . . < t n = 1 and open balls (S/ S )^L 1 covering T*, CC Cl 2 \ V, such that 
T([tk-i,tk]) C -Bfc and preimage g~ 1 (Bk) has exactly p connected components, 
k = l,...,N. 

There is a unique holomorphic mapping Hi on Bi such that g o Hi = id and 
Hi(r(i)) = 7(t) for t € [io>*i]- Note that Hi = Gi, so by the identity principle 
fi(Hi(t P2 x)) = t Pl fi{Hi(x)) for x e Si and f sufficiently close to 1. Similarly, there 
is a holomorphic mapping H 2 on B 2 such that g o H 2 = id, H 2 (T(t)) — j(t) for 
t € [^1,^2] and Hi = H 2 on Bi <~) B 2 . Using the identity principle again we get 
the relation fi(H 2 (t t2 x)) = t Pl fi(H 2 (x)) for x G B 2 and t sufficiently close to 1. 
Proceeding inductively one may construct a mapping Hn holomorphic on Bn such 
that Hn = Hjv-i on Bn-iC\Bn, goHN = id, and Gn(x') = iJjv(r(fjv)) = 7(1) = 
y r Moreover fi{H N {t P2 x)) = t Pl f t (H N (x)) , for x e B N and t close to 1. Note that 
Hn — Gj in a neighborhood of x' and this finishes the proof of (3). 

Thus, we have shown that for any x E il 2 \ V the equality f(Gj(t P2 x)) = 
t Pl f(Gj(x j) remains valid for all j = 1, . . . ,p, and t sufficiently close to 1. 

Step 1 "' Let us consider the following system of equations 
v 

ft) H 11^ ~ X *(k),j k ) = 0, {ji, ■■■,jp} C {1, . . . ,m}, ji < . . . < j p , 
o-eSp fe=i 
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where E p denotes the set of p-permutations. Note that for the given (Ai l j)£z 1 ''"'™ 
the only solutions y = (j/i, . . . , y m ) of the system (f) are given by the formulas 
V = (Ai.i, . . . , Xi.m), i = 1, ■ ■ • ,p. To show it observe that any root of the equations 
in (f ) with ji = . . . = j p is of the form (Aj^i, . . . , Aj TO>TO ). What remains to do is 
to show that i\ = . . . = i m . If i L ^ it, then it suffices to analyze the equations in 
the system (f) satisfying . . . ,j p } = {i L ,it}. Since these computations are quite 
simple and tedious, we omit them here. 

Multiplying out we get mappings where |a| < p and / = ■ ■ ■ ,j p ), such 
that 

v 

Yl life - x °(k),j k ) = p\vh ■•■vj r + Yl &( x )y a - 

<tGS p fc=l |a|<p 

Observe that ^ arc homogenous of order p — \a\ and note that they are quasi- 
symmetric in the following sense: 

(4) £a(Al,l, . . . , Xl,m, ■ ■ • , A p ,l, . . . , Xp.m) = 

^a(A CT (i),i, ■ • • , A CT (!) im , . . . , \ a {p),\, ■ • • , A CT ( p ) jTO ) for any a e E p . 

Therefore it is clear that (I := ^ o / o g- 1 ■= o d, . . . , f m o Gi, . . . , /i o 

G p , ■ ■ ■ ,f m ° Gp) is a well defined holomorphic mapping on c/(V'). 
It follows from above considerations (Step 2) that 

(5) (i(t P2 x) =t Pl( - p -^(l(x) for all x e n 2 and t e D. 

Now one may write down the Taylor expansion of C« around in order to verify 
that are homogenous polynomials of degree q(p—\a\) (obviously, if q(p— \a\) N, 
thcnC^ = 0). 

Consider the following system of equations: 

(6) Q I (x,y):=p\y jl ...y jp + Y (i( x )y a = ' I = ■ ■ ■ ,j P ), 

\a\<p 

{ji, . . . , j p } C {1, . . . , m}, 1 < ji < . . . < j p < m. First observe that 

(7) @ I {t^x,t^y)=t^@ I {x,y), t e C. 

Note also that for x lying sufficiently close to the following property holds: 

(8) ni2(x) q = mi(y) for any root y the system of equations ®i(x, •) = 0- 

To prove it take x e .9(V r '). It follows from the definition of the mappings ( a that 
all roots of the equation (6) are given by formulas y — f(xi), where g(xi) = x, 
i = l,...,p (precisely Xi = g^ 1 (x) if x ^ V). The assumptions of the theorem 
imply that for such a solution y 

mi(y) = mi (/(£»)) = m 2 {g{xi)) q = m 2 {x) q , 

which proves (8) for x sufficiently close to 0. Making use of (7) we find that the 
relation (8) holds for all x. 

The equality @i(g(x), f(x)) = holds in the neighborhood of 0, so by the identity 
principle Qi(g(x), f(xj) = for x £ U. This means that f(x) is the root of the 
equations ®i(g(x), ■) = for any x GU.lt follows from (8) that mi o / = (m 2 o g) q . 
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In order to prove the second assertion it suffices to repeat the above reasoning 
to the mappings with I = ■■■,]), j = 1 . . . , m. To be more precise let us 
define 

(9) ik(x):= x h ...x ik , x = (x 1 ,...,x p )£C p , 

l<i 1 <...<i k <p 

(10) &(A) :=(ffc(Ai),...,lfe(A ro )), A = (Ai,...,A m )e(C) m - 
Put C fe := £ k o / o g- 1 and 

6(x, ? y) := yP - Ci^)^" 1 + . . . + (-l) P C P (x). 

As before we prove that 6(/, g) = 0. 

5iep 3 Now we shall show the theorem for fc > to. It follows from the Remmert's 
theorem that dim / (0) = k — to. Using basic properties of analytic sets one can 
find an TO-dimensional vector space L in the Grassmannian G(m, k) such that is 
an isolated point of .Ln/ _1 (0) and Ln<? _1 (0). We lose no generality assuming that 
the space L is of the form L = {{x\, . . . , x m , £ a" l+1 Xj, . . . ,J2 a j x j) '■ J i £ Q 
for some a l j £ C, j = 1, . . . , m, I = m + 1, . . . , k. Fix r > such that the polydisc 
(rD) fc is relatively compact in V. Let B be an arbitrary infinite Blaschke product 
not vanishing on and define B(\) = B(Ar _1 ), A e rH). 

Put / := := (f,eP^(x m+1 - £ . . . , e^{x k - E"^) P1 ) 

and g := ( 5 ,V Pa ) := (<?, e^(x m+1 -£ aJ +1 Xj)^ , . . . , e^(x fe -£ a**,-)" 2 ), where 
(^(xi, . . . ,a;fe) := B A s +. . ■+ B(x k ) ' Observe that the mappings / and g are locally 
open in a neighborhood of (as is an isolated point of the fibers / _1 (0) and 

Put \y\ := |yi| + . . . + \y k - m \, y G C fe -"\ and 

Ui(x,y) := (m 4 (x)* + |y|£) Pi , (x,y) e C k = C m x C fe -"\ * = 1,2. 

It is clear that the equality vi(f) — ^(ff) 9 holds in a neighborhood of 0. Applying 
the previous step we get a natural number p, homogenous polynomials and 
corresponding maps 0/ such that &i(g, f) = 0. Moreover, the system of equalities 
®i(x,y) = 0, x,y e C k , implies that V2{x) q = v\{y). 

Expanding we infer that 

6/ {9, f) - &i((g, V 2 ), (/, V 1 )) = 0i{9, /) + e^i + . . . + e s *h p 

for some s e N, holomorphic maps hi on [/ and a 6*/ given by the formula 0j(x, y) := 
©j((x, 0), (y, 0)). Making use of the construction of </? we immediately state that 
9i{g,f) = hx = ... = h p = 0. Therefore 9,(( ff , 0), (/, 0)) = 0. Whence mi(/(i)) - 
m2(g(x)) q for all 1 € [/, as claimed. 

The relation (1) may be shown analogously. □ 

Remark 2.1. A consideration of the equality mi(/(x)) = to 2 (x) p in a neigh- 
borhood of 0, where / is a proper holomorphic map and mi, to 2 are Minkowski 
functionals of pseudoconvex balanced bounded domains is the key point of the proof 
of the main theorem in [Ber-Pat] . The authors investigated this equality with the 
help of advanced tools of the projective dynamic. 

Note that in Step 1 ' of the proof of Theorem 1.1 the more general equality was 
considered (we did not even need the plurisubharmonicity) and the methods we 
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were using are much simpler (actually, in this case i = 1 and the other steps of the 
proof are not needed). 

Remark 2.2. The statement of Theorem 1.1 is clear if mi and m 2 are the Eu- 
clidean norms and /, g are arbitrary holomorphic mappings (as the Euclidean norm 
is M- analytic). One may check that in this case p= 1. 

Similarly, the statement of Theorem 1.1 is clear in the case when mi, m 2 are 
operator norms (as the operator norm is M-analytic except for an analytic set). 

Remark 2.3. Note that in the case when m — k and q = 1, the number p occurring 
in the statement of Theorem 1.1 is equal to the multiplicity of the mapping / 
(restricted to some neighborhood of 0). Note also that for p = 1 the mappings / 
and g are not necessary biholomorphic (but then / = £ig for a linear mapping 

Assume that p occurring in Theorem 1 . 1 is equal to 2 . Then we are able to solve 
the equation (1) and state that f(x) = Qi(g(x)) + y/Q2{g{x)), where Q\ is linear 
mapping, Q 2 is a homogenous polynomial of degree 2, and the branch of the square 
is chosen so that \/Qi o g is holomorphic. 

Generally, we cannot conjecture that Q 2 vanishes. Consider the following exam- 
ple: rm{x,y) = \(x,y)\ = \x\ + \y\, i = 1,2, f(x,y) = \{x 2 + 2xy + y 2 ,x 2 -2xy + y 2 ) 
and g(x,y) = {x 2 ,y 2 ). Then obviously \f(x,y)\ = \g(x,y)\, Qi(x,y) = l/2(x + 
y, x + y) and Q 2 (x, y) = xy. 

Remark 2.4. The assumptions of the openness of the mappings / and g in a neigh- 
borhood of a are important. This is illustrated by the following example: f(x, y) = 
(xy,x 2 y), g(x,y) = (xy,y) and \\(x,y)\\ = max.{\x\,\y\}. Clearly ||/(x,y)|| = 
||5(x,j/)|| if and only if \x\ < 1 or y = 0. 

Note also that for any neighborhood U of the images f(U) and g(U) are not 
analytic. 

It is natural to ask whether the assumption of the openness may be weakened. 
We would like to point out that answer to this question is obvious in the case m = 2 
- it is sufficient to consider the Weierstrass polynomials of / and g. This reasoning 
however cannot be applied to m > 3. 

3. Quasi-circular domains 

Let fci, . . . , k n be natural numbers. A domain D of C" is said to be (k\, . . . , k n )- 
circular if 

(11) (A fcl xi, . . . , X kn x n ) <E D whenever A e dU>, x = (x t , . . . , x n ) e D. 

If the formula (11) holds for any A € D, then D is said to be (ki, . . . , fc„)-balanced 
(or (fci, . . . , fc„)-complete circular). 

A domain il is called to be quasi- circular (respectively quasi-balanced) if it is 
fc-circular (resp. fc-balanced) for some k = (fci, . . . , k n ) € N™. 

For A; = (fci, ... , fc„)-balanced domain D C C™ one may define its k-Minkowski 
functional (a gwasi-Minkowski functional) by the following formula 

(12) liD,k{x) := inf{A > : (A~ fel a;i, . . . , \~ k "x n ) e D}, 

x = (xi, . . . ,x m ) € C™. The introduced above function has similar properties as 
the standard Minkowski functional. Recall them for the convenience of the reader: 
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(13) fi Dtk (a kl xi, . . . , a kn x n ) = \a\fj,D,k(x), x e C™, a e C, 

(14) D = {x e C n : » D , k {x) < 1}. 

For k = (fci, . ..,k n ) e N and ieC" denote fc.z := (a;* 1 , . . . ,a;£ n ). 
Let D be a fc-balanced domain and /zr>,fc be the quasi-Minkowski functional 
associated with this domain. Put kj := , fc := (ki,.-.,k„) and define 

m(a;) := p DJ< .(k^ 1 .x). One may check that m is radial. In particular, m is the 
Minkowski functional of a bounded balanced domain and it satisfies the property 
mik.x) = fj,D,k{x), x e C™. On the other hand k.f is open provided that / is an 
open holomorphic mapping. 

This simple observation leads us to the following 

Corollary 3.1. Let fj,i, /i 2 be quasi-Minkowski functionals of quasi-balanced do- 
mains. Let f,g : U — > C m be a holomorphic mapping such that /(a) = g(a) = 0, 
for some a G U C C fe , k > to. Assume that q e R. If fii(f(x)) = {m{g{x))) q 
in a neighborhood V C {/ of a and the restrictions /|y, g\v are open, then 
Mi f( x ) = (M2 g( x )) q for all a; e U and g e Q>o- 

One can try to derive a counterpart of the second assertion of Theorem 1.1 
in the case of quasi-Minkowski functionals. Since the possible formula is a little 
complicated and self-evident, we omit it here. 

4. Applications to the paper of Boutat 

Remark 4.1. It is well known by the Bell's result (see [Bel]), that any proper 
mapping / between complete quasi-circular domain such that / _1 (0) = {0}, is a 
polynomial. So we may expand / = Y^j= P Qj> P — 9' where Qj are homogenous of 
degree j. Let us introduce the following notation: p(f) := Q p , g(f) := Q q . 

1 

Define ||a;|| fe := £ \x t \ k i . 

Proposition 4.2. Let D, il 2 CC C™ be pseudoconvex quasi-balanced domains 
(Oi and Sl 2 are assumed to be k and I balanced, respectively). Let /, : D — > be 
proper holomorphic mappings such that /~ 1 (0) = {0}, i = 1, 2. Assume that there 
are m, M > such that m||/ 2 (x)||« < ||/i(x)|| fc < M\\f 2 (x)\\ q . 

Then /ii(/i(aO) = Mh{x)) q , Mfi)(x)) = ^(fKM*)) 9 and fii(p(fi)(x)) = 
H2(p(f2)(x)) q for x G C™, where \i\ and ^2 are the k- and ^-Minkowski functionals 
of fii, Q2, respectively. 

In particular, if fi is a homogenous polynomial, then f 2 is homogenous, as well. 

Proof. Considering instead of /1 and / 2 the mappings fc./i and L/ 2 , where kj — 
k\ . . . knkj 1 , and Zj = Zi . . . InlJ 1 , we may restrict ourselves to the case of balanced 
domains (i.e. kj — lj = 1, j = 1, ...,n). It is well known that ga r (0, fi(x)) = 
Q9n 2 (Qi h(x))- Therefore p\{fi{x)) = P2{f2{x)) q for x € SI. Applying Corollary 3.1 
we state that Mi(/i(a;)) = ^2{f2{x)) q for x G C". 

Write /1 = Y^j= ni Qh wnere Qj is a homogenous polynomial of degree j. 
Considering the values of the equations t~ ni ^i(/i(ta)) = t^ ni p, 2 (f2(tx)) q and 
t n2 fJ-i(fi(x/t)) = t n2 H2(f 2 (x/t)) q at t = we easily get the assertion. □ 



8 



LUKASZ KOSINSKI 



Example 4.3 (Generalization of the main result of [Bou]). Let fii be a bounded 
complete fc-circular domain and SI2 a bounded balanced domain. Suppose that 
/ : Hi — > ^2 is a proper mapping such that / _1 (0) = {0}. Let / = X)j> P fh where 
fj is fc-homogenous of order j (i.e. fj(t kl x\, . . . ,t kn x n ) — P f(x), x e fli, t e D). 
Assume that / p _1 (0) = 0. Then f = f p . 

Proof. It is clear that SI2 and D may be assumed to be pseudoconvex. One may 
easily check that A||ar||^ < ||/ p (ar)|| < B||a;||^ for some positive A, B (use the fact 
that / p (xi||x||^ fcl , . . . ,x„||x||jr' c ") is uniformly bounded for x 7^ 0). This implies 
that m||cc||| < ||/(x)|| < M||x||^, for some constants m,M > 0. Now it suffices to 
apply Proposition 4.2 to get that / is homogenous. □ 
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